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a b s t r a c t 

By introducing trigonometric functions in a 4-D hyperchaotic snap system, infinite 1-D, 2-D, and 3-D lat- 

tices of hyperchaotic strange attractors were produced. Furthermore a general approach was developed 

for constructing self-reproducing systems, in which infinitely many attractors share the same Lyapunov 

exponents. In this case, cumbersome constants are necessary to obtain offset boosting; correspondingly 

additional periodic functions are needed for attractor hatching. As an example, a hyperchaotic system 

with a hidden attractor was transformed for reproducing 1-D, 2-D infinite lattices of hyperchaotic attrac- 

tors and a 4-D lattice of chaotic attractors. 
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1. Introduction 

In the real physical world multistability is common, like in the

gas laser [1] , delayed systems [2] , biological systems [3] , atoms

[4] , lactose utilization networks [5] , fiber lasers [6] , phosphoryla-

tion systems [7] , electroencephalograms [8] , neural networks [9] ,

ice sheets [10] , and even in semiconductor superlattices [11] . Mul-

tistability can be of a potential threat or even a possible asset for

engineering applications. The mechanisms hidden in multistability

are different. When the symmetry of a dynamical system is bro-

ken, a symmetric pair of attractors may appear instead of a sin-

gle symmetric one [12–21] . Asymmetric systems can also give co-

existing attractors due to the specific damping or equilibria [22–

25] . Variable-boostable chaotic systems can also return the sym-

metry by a boosted offset and generate coexisting conditionally

symmetric attractors or infinitely many attractors [26–30] . Offset

boosting is an operation by which the average level of the vari-

able can be controlled. From the view of electronic signal offset

boosting means revising its DC component. In fact, offset boost-

ing is an effective means to realize attractor hatching so long

as it is discretized and periodic. In this paper, infinite lattices of

hyperchaotic strange attractors are constructed by transforming a

variable-boostable system into a self-reproducing system or by in-
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roducing periodic functions into normal hyperchaotic systems. In

ection 2 , the method of attractor hatching for reproducing in-

nitely many attractors is discussed theoretically. In Section 3 , an

nfinite 3-D lattice of hyperchaotic attractors is derived from a

yperchaotic snap system. In Section 4 , the method is general-

zed to common dynamical systems for constructing infinite multi-

imensional lattices of attractors. Conclusion and discussions are

iven in the last section. 

. Attractor hatching from offset boosting 

A self-reproducing system can be generated from an offset

oostable dynamical system, where the offset boosting provides

 direct entrance for attractor hatching. The mechanism for con-

tructing infinitely many attractors is shown in Fig. 1 . To cause a

ynamical system to be self-reproducing, it is necessary to con-

ider two inherent operations. The offset boosting operation makes

he attractor shift in any desired direction, while the periodization

peration of the offset-boostable variable causes attractor hatch-

ng. By this means, a dynamical system becomes self-reproducing

30] where infinitely many attractors are hatched. It is convenient

o perform the above two operations in a variable-boostable sys-

em. A jerk system provides offset boosting in cascade [29] by in-

roducing new intermediate variables. Correspondingly, an n -D hy-

erjerk system can be revised to be a ( n -1)-D self-reproducing sys-

em by the periodic offset boosting [30] . 

heorem 2.1. A hyperjerk flow 

d 4 x 
d t 4 

= ( x, ˙ x , ̈x , 
... 
x ) can be transformed

o a 3-D variable-boostable system [26–30] by introducing three other
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Fig. 1. Attractor hatching in a self-reproducing system. 
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Fig. 2. Hyperchaotic attractor from system (5) with a = 3.6, b = 1 and initial condi- 

tions (0, 0, −2, 0), the colors indicate the value of the local largest Lyapunov ex- 

ponent with positive values in red and negative values in blue. Equilibrium point 

is shown as blue dots. (For interpretation of the references to colour in this figure 

legend, the reader is referred to the web version of this article.) 
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˙ x = y, 
˙ y = z, 
˙ z = u, 

˙ u = f ( ̇ x , ˙ y , ˙ z , x ) 

. (1) 

Offset boosting of the variables y, z and u can be obtained by in-

roducing additional constants in the first three equations without re-

ising the other dimensions. 

roof 2.1. Let x = x ′ , y = y ′ + m, z = z ′ + n, u = u ′ + p , where x ′ , y ′ ,
 

′ , u ′ are new state space variables, while m, n , and p represent the

ew introduced constants, 

 

 

 

 

 

˙ x 
′ = y ′ + m, 

˙ y 
′ = z ′ + n, 

˙ z 
′ = u 

′ + p, 

˙ u 

′ = f 
(

˙ x 
′ 
, ˙ y 

′ 
, ˙ z 

′ 
, x ′ 

)
. 

(2) 

Since f ( ̇ x ′ , ˙ y ′ , ˙ z ′ , x ′ ) depends on the time derivative of x ′ , y ′ ,
 

′ rather than y ′ , z ′ , u ′ , which is not altered by the constants m,

, p , Eq. (2) in its hyperjerk representation is identical to the hy-

erjerk form of Eq. (1) and thus has the same dynamics while pro-

iding offset boosting of the variables y, z, and u . Normally, a 3-D

erk system can be revised to be more than a 4-D hyperjerk one

ince the attractor in 3-D space can be put in a space of higher di-

ension and consequently can realize offset boosting with greater

imensions. 

Offset boosting provides attractor shifting by introducing inde-

endent constants in separate dimensions as shown in Eq. (2) . Rea-

onably, if the offset-boostable variable is a periodic function, in-

nitely many attractors can be hatched since the offset boosting is

ontained in the period. To give a clear demonstration, we intro-

uce three periodic functions in a 3-D offset-boostable hyperjerk

ystem. 

heorem 2.2. Periodic functions can be introduced into an offset-

oostable system for constructing a self-reproducing system like, 

 

 

 

 

 

˙ x = F ( y ) , 
˙ y = G ( z ) , 
˙ z = H ( u ) , 
˙ u = f ( ̇ x , ˙ y , ˙ z , x ) . 

(3) 

nd therefore infinitely many identical attractors can be hatched in

he corresponding 3-D space if system (3) has a bounded solution (an

ttractor) for one period. Here the functions F(y), G(z), and H(u) are

eriodic. 

roof 2.2. Since the functions F ( y ), G ( z ), and H ( u ) are periodic,

uppose p 1, p 2 , and p 3 are their period, i.e., F ( y ) = F ( y + kp 1 ),

 ( z ) = G ( z + lp ) and H ( u ) = H ( u + mp ). For x = x ′ , y = y ′ + k p ,
2 3 1 
 = z ′ + lp 2 , u = u ′ + mp 3 ( k, l, m ∈ Z ), system (3) becomes 
 

 

 

 

 

 

 

˙ x 
′ = F 

(
y ′ 

)
, 

˙ y 
′ = G 

(
z ′ 
)
, 

˙ z 
′ = H 

(
u 

′ ), 
˙ u 

′ = f 
(

˙ x 
′ 
, ˙ y 

′ 
, ˙ z 

′ 
, x ′ 

)
. 

(4) 

System (4) is identical to system (3) , showing that introduc-

ng the constants kp 1, lp 2 and mp 3 does not change the dynam-

cs of system (3) but gives a corresponding offset boost in the di-

ensions y, z , and u , which consequently gives birth to infinitely

any attractors on a lattice in the y-z-u space. The specific new

ntroduced constants (associated with the periods) in the offset-

oostable variables can be easily removed in the left hand of

qs. (3) and (4) for the time derivatives and also removed in the

ight hand side for the property of periodic functions, which con-

ributes the property required for attractor hatching. 

. An infinite 3-D lattice of hyperchaotic attractors 

In the following, we construct an infinite 3-D lattice of strange

ttractors based on a hyperchaotic snap system. Chlouverakis and

prott [31] proposed what may be the algebraically simplest hy-

erchaotic snap system given by 
.... 
x + x 4 

... 
x + a ̈x + ˙ x + x = 0 with a

ingle parameter a = 3.6 and Lyapunov exponents (0.1310, 0.0358,

, −1.2550) and a Kaplan-Yorke dimension of 3.1329. The hyper-

haotic snap system can be revised to be a 3-D offset-boostable

ne in the variables y, z , and u whose governing equations are, 
 

 

 

 

 

˙ x = y, 
˙ y = z, 
˙ z = u, 

˙ u = −x 4 ˙ z − a ̇ y − b ̇ x − x. 

(5) 

hen a = 3.6 and b = 1, system (5) has a hyperchaotic strange at-

ractor as shown in Fig. 2 . System (5) has inversion symmetry and

as an equilibrium point (0, 0, 0, 0), which is a saddle-focus whose

igenvalues are (0.1604 ± 1.8395 i , −0 . 1604 ± 0 . 5172 i ). 

System (5) can be revised to be a self-reproducing one provid-

ng a 3-D lattice of hyperchaotic strange attractors in a form with
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Fig. 3. 3-D lattice of coexisting hyperchaotic attractors from system (6) (a) y-z plane when the initial conditions are (0, 5 k π , −2 + 8 k π , 0), (b) u-z plane when the initial 

conditions are (0, 0, −2 + 8 k π , 16 k π ) ( k ∈ { −1 , 0 , 1 } ). 

Fig. 4. Offset regulating of system (6) with invariable Lyapunov exponents (a) regulated offset when initial conditions are ( 0 , − 5 kπ, − 2 + 8 kπ, 16 k π ( −50 ≤ k ≤ 50 ) ) , (b) 

invariable Lyapunov exponents. 

Table 1 

Equilibria and their eigenvalues for system (6) . 

Equilibria Eigenvalues Equilibria Eigenvalues 

(0, 5 k π , 8 k π , 16 k π ) 0.1604 ± 1.8395 i 

0.1604 ± 0.5172 i 

(0, 2.5(2 k + 1) π , 8 k π , 16 k π ) 0 . 6395 , − 0 . 3996 

−0 . 1199 ± 1 . 9745 i 

(0, 5 k π , 8 k π , 8(2 k + 1) π ) 2 . 0769 , − 1 . 8309 

−0 . 1230 ± 0 . 4979 i 

(0, 2.5(2 k + 1) π , 8 k π , 8(2 k + 1) π ) −1 . 9621 , 1 . 6104 , 

0 . 7652 , − 0 . 4136 

(0, 5 k π , 4(2 k + 1) π , 16 k π ) 2 . 0769 , − 1 . 8309 

−0 . 1230 ± 0 . 4979 i 

(0, 2.5(2 k + 1) π , 4(2 k + 1) π , 16 k π ) −1 . 9621 , 1 . 6104 , 

0 . 7652 , − 0 . 4136 

(0, 5 k π , 4(2 k + 1) π , 8(2 k + 1) π ) 0.1604 ± 1.8395 i 

0.1604 ± 0.5172 i 

(0, 2.5(2 k + 1) π , 4(2 k + 1) π , 8(2 k + 1) π ) 0 . 6395 , − 0 . 3996 

−0 . 1199 ± 1 . 9745 i 
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six sinusoidal functions according to Theorem 2.2 , ⎧ ⎪ ⎨ 

⎪ ⎩ 

˙ x = F ( y ) , 
˙ y = G ( z ) , 
˙ z = H ( u ) , 
˙ u = −x 4 ˙ z − a ̇ y − b ̇ x − x. 

(6)

when a = 3.6, b = 1, F ( y ) = 2.5sin(0.4 y ), G ( z ) = 4sin(0.25 z ),

H ( u ) = 8sin(0.125 u), system (6) has an infinite 3-D lattice of

hyperchaotic strange attractors with Lyapunov exponents (0.1013,

0.0306, 0, −1.1340) and a Kaplan-Yorke dimension of 3.1163. When

the initial conditions vary according to the period of the sinu-

soidal function, system (6) produces infinitely many hyperchaotic

attractors (shown in Fig. 3 ). As shown in Fig. 4 , since the periods

of sin(0.4 y ), sin(0.25 z ), and sin(0.125 u) are 5k π , 8k π , 16k π , when

the initial conditions of the variables y, z , and u change according

to k , the offset of y, z , and u will be modulated without changing

the Lyapunov exponents. 

System (6) retains the inversion symmetry with a rate of hy-

pervolume contraction given by the Lie derivative, ∇V = 

∂ ̇ x 
∂x 

+ 

∂ ̇ y 
∂y 

+
∂ ̇ z 
∂z 

+ 

∂ ̇ u 
∂u 

= − cos (0 . 125 u ) x 4 . System (6) has eight series of unstable

equilibria P = (0, 2.5 k π , 4 l π , 8 m π ), ( k , l, m ∈ Z ), whose eigenvalues

are shown in Table 1 . 

If some of the offset-boostable variables retain their original

form rather than being replaced with the sinusoidal function, sys-
em (6) will correspondingly generate a 1-D or 2-D lattice of hy-

erchaotic attractors, shown in Table 2 . Other trigonometric func-

ions can also be introduced in the offset-boostable variables, some

f which can revise the intervals of the infinite lattice of attractors.

LHA and ILHD give a 1-D lattice of hyperchaos, ILHB, ILHC and

LHE give a 2-D lattice of hyperchaos while ILHF gives a 3-D lat-

ice. As shown in Fig. 5 , when the initial condition varies, system

6) visits different attractors according to the period of trigono-

etric functions. Different periods (5 π for tan(0.2 y ) and 8 π for

sin(0.25 y )) leading to different intervals between coexisting at-

ractors. 

. Generalization for attractor hatching 

The method for constructing a self-reproducing system can be

eneralized to other dynamical systems. Unlike those offset boost-

ble systems, it is more complicated to transform a normal dynam-

cal system for attractor hatching. To control the offset of some

ariables, it is necessary to revise more terms; and consequently

or periodic offset boosting more introduced trigonometric func-

ions may get coupled, which poses great influence on the dynam-

cs. Generally all the variables in a dynamical system can be offset

oosted by introducing separate constants into the original system,

.e. , offset boosting of the variables can be obtained if the number
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Table 2 

Lyapunov exponents and Kaplan-Yorke dimension for attractors from system (6) with a = 3.6, 

b = 1. 

Cases ( F ( y ), G ( z ), H ( u )) LEs D KY 

ILHA (5sin(0.2 y ), z, u ) 0.1149, 0.0355, 0, −1.1802 3.1274 

ILHB (4sin(0.25 y ), 4sin(0.25 z ), u ) 0.1309,0.0446,0, −1.3661 3.1284 

ILHC (4sin(0.25 y ), 4cos(0.25 z ), u ) 0.1309,0.0345,0, −1.3662 3.1284 

ILHD (4tan(0.2 y ), z, u ) 0.0961,0.0197,0, −0.8509 3.1359 

ILHE (4.6tan(0.2 y ), 4.6tan(0.2 z ), u ) 0.1262,0.0322,0, −1.0543 3.1502 

ILHF (2.5sin(0.4 y ), 4sin(0.25 z ), 8sin(0.125 u)) 0.1014, 0.0306, 0, −1.1332 3.1164 

Fig. 5. Offset regulating of system (6) with a = 3.6, b = 1, H ( u ) = u (a) F ( y ) = 5sin(0.2 y ), G ( z ) = z when initial conditions revise as ( 0 , − 10 kπ, − 2 , 0 ( −50 ≤ k ≤ 50 ) ) , (b) 

F ( y ) = 4.6tan(0.2 y ), G ( z ) = 4.6tan(0.2 z ) when initial conditions revise as ( 0 , − 5 kπ, − 2 + 5 kπ, 0 ( −50 ≤ k ≤ 50 ) ) . 
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f the introduced constants is not limited. For example, for system

7) , 
 

 

 

 

 

˙ x 1 = F 1 ( x 1 , x 2 , . . . , x n ) , 
˙ x 2 = F 2 ( x 1 , x 2 , . . . , x n ) , 
. . . . . . , 

˙ x n = F n ( x 1 , x 2 , . . . , x n ) . 

(7) 

et x i = x i 
′ + c i ( i ∈ { 1 , 2 , . . . , n } ) , where x i 

′ is a new state variable

nd c i represents the new introduced constant, 
 

 

 

 

 

˙ x ′ 1 = F 1 (( x 
′ 
1 + c 1 ) , ( x 

′ 
2 + c 2 ) , . . . , ( x 

′ 
n + c n )) , 

˙ x ′ 2 = F 2 (( x 
′ 
1 + c 1 ) , ( x 

′ 
2 + c 2 ) , . . . , ( x 

′ 
n + c n )) , 

. . . . . . 

˙ x ′ n = F n (( x ′ 1 + c 1 ) , ( x 
′ 
2 + c 2 ) , . . . , ( x 

′ 
n + c n )) . 

(8) 

q. (8) is identical to the form of Eq. (7) except for the revised

ffset, and thus it has the same dynamics while providing offset

oosting for the variables x i with a vector of new constants c i . 

Similarly, the offset boosting constants can be replaced by pe-

iodic functions, and the corresponding derived system is a self-

eproducing system giving infinitely many attractors. Unlike the

ffset-boostable system, it is more complicated when the new pe-

iodic functions are introduced, and the coupling between various

eriodic functions can seriously influence the dynamics. 

heorem 4.1. A dynamical system Eq. (7) can be revised to be a self-

eproducing system, 
 

 

 

 

 

˙ x ′ 1 = F 1 ( x 
′ 
1 , x 

′ 
2 , . . . , x 

′ 
n ) , 

˙ x ′ 2 = F 2 ( x 
′ 
1 , x 

′ 
2 , . . . , x 

′ 
n ) , 

. . . . . . 

˙ x ′ n = F n ( x ′ 1 , x ′ 2 , . . . , x ′ n ) . 

(9) 

when periodic functions are introduced into 

 i ( x 1 , x 2 , . . . , x n )( i ∈ { 1 , 2 , ..., n } ) as: x k = g k ( x 
′ 
k 
) , (k ∈

 j 1 , j 2 , . . . , j m 

} , 1 ≤ j 1 < j 2 < . . . < j m 

≤ n ) and x k =
 

′ 
k 
, ( k ∈ { 1 , 2 , . . . , n }\{ j 1 , j 2 , . . . , j m 

} ) . 
roof 4.1. Since g l ( x l 

′ ) is a periodic function, then there exists a

onstant P l and an integer S l subject to g l ( x 
′ 
l 
+ S l P l ) = g l ( x 

′ 
l 
) , l ∈
 j 1 , j 2 , . . . , j m 

} . With a variable substitution x 
′′ 
l 

= x 
′ 
l 
+ S l P l , x 

′′ 
w 

= x 
′ 
w 

,

 ∈ { 1 , 2 , .., n }\{ j 1 , j 2 , . . . , j m 

} , the following system is obtained: 
 

 

 

 

 

˙ x ′′ 1 = F 1 ( x 
′′ 

1 , x 
′′ 

2 , . . . , x 
′′ 

n ) , 
˙ x ′′ 2 = F 2 ( x 

′′ 
1 , x 

′′ 
2 , . . . , x 

′′ 
n ) , 

. . . . . . 

˙ x ′′ n = F n ( x ′′ 1 , x ′′ 2 , . . . , x ′′ n ) . 

(10) 

Eq. (10) is the same as Eq. (9) , which indicates that system

10) is a self-reproducing system having the same solution except

or a shift in phase space according to the period of the new intro-

uced function. 

In the following, we will consider the hyperchaotic systems

32–34] and apply the method above for constructing an infi- 

ite lattice of hyperchaotic attractors. For easy demonstration, we

ewrite the equation as follows in reference [32] , 
 

 

 

 

 

˙ x = y − x, 

˙ y = −xz + u, 

˙ z = xy − a, 

˙ u = −by. 

(11) 

hen a = 2.6, b = 0.44, system (11) has a hyperchaotic solution

ith Lyapunov exponents (0.0704, 0.0128, 0, −1.0832) and a

aplan–Yorke dimension D KY = 3.0768. According to the definition

n [28] , system (11) is a one-dimensional offset boostable system,

here a constant introduced in the second dimension can revise

he offset of the variable u . However, we cannot find any single

onstant in the right side of Eq. (11) to realize the offset boost-

ng of any other variables. In other words, in order to realize offset

ontrol, additional separate constants must be introduced such as

 

 

 

 

 

˙ x = ( y + c 2 ) − ( x + c 1 ) , 
˙ y = −( x + c 1 ) ( z + c 3 ) + ( u + c 4 ) , 
˙ z = ( x + c 1 ) ( y + c 2 ) − a, 

˙ u = −b ( y + c 2 ) . 

(12) 

or the four offset controllers c 1 = −4 , c 2 = −6 , c 3 = 5 , c 4 = 4 , the

yperchaotic strange attractor is shifted in the positive direction of

 and y and in the negative direction of z and u , as shown Fig. 6 .

ll the variables become unipolar. 
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Fig. 6. Offset boosted hyperchaotic attractor for system (12) with a = 2.6, b = 0.44, c 1 = −4 , c 2 = −6 , c 3 = 5 , c 4 = 4 , and initial conditions (2, 4, 0, 0), (a) x-y plane, (b) x-z 

plane, (c) y-z plane and (d) u-x plane. 

Fig. 7. 2-D lattice of hyperchaotic attractors from system (13) (a) z-x plane when the initial conditions are (2, 4, 16 k π , 0), (b) z-u plane when the initial conditions are (2, 4, 

16 k π , 5 k π ) ( k ∈ { −1 , 0 , 1 } ). 
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a  
Since system (11) is an offset boostable system in the u dimen-

sion, introducing a periodic function of the variable u can pro-

duce a 1-D lattice of hyperchaotic attractors. Additional periodic

functions can still reproduce the attractor in other dimensions, but

they will inevitably revise the dynamics more dramatically since

the nonlinear periodic functions couple together at multiple posi-

tions, ⎧ ⎪ ⎨ 

⎪ ⎩ 

˙ x = g 2 ( y ) − g 1 ( x ) , 
˙ y = −g 1 ( x ) g 3 ( z ) + g 4 ( u ) , 
˙ z = g 1 ( x ) g 2 ( y ) − a, 

˙ u = −b g 2 ( y ) . 

(13)

There are cross product terms of periodic functions like g 1 ( x )g 3 ( z )

and g 1 ( x )g 2 ( y ), which increases the difficulty of finding periodic

functions to substitute xz and xy and retain the basic dynam-

ics of the original system. Trigonometric functions are the com-

mon periodic functions for constructing a self-reproducing system

[29-30] . As predicted, when a = 2.6, b = 0.44, g 1 ( x ) = x , g 2 ( y ) = y ,

g 3 ( z ) = z , g 4 ( u ) = 2.5sin(0.4 u) , system (13) gives an infinite 1-D

lattice of hyperchaotic strange attractors with Lyapunov expo-

nents (0.0995,0.0118,0, −1.1113) and a Kaplan-Yorke dimension of

3.1001. An infinite 2-D lattice of hyperchaotic strange attractors can

also be obtained if an additional periodic function of the z vari-

able is introduced. When g 1 ( x ) = x , g 2 ( y ) = y , g 3 ( z ) = 8sin(0.125 z ),

g ( u ) = 2.5sin(0.4 u) , system (13) gives lattice of hyperchaotic at-
4 
ractors with Lyapunov exponents (0.1097, 0.0081, 0, −1.1175) and

 Kaplan-Yorke dimension of 3.1052 as shown in Fig. 7 . 

Moreover, system (13) can provide an infinite 4-D lattice of at-

ractors if the appropriate periodic functions are selected. For the

arameters a = 2.6, b = 0.44, let g 1 (x ) = 8 sin ( x 8 ) , g 2 (y ) = 8 sin ( y 8 ) ,

 3 (z) = 8 sin ( z 8 ) , g 4 (u ) = 8 sin ( u 8 ) , system (13) is chaotic rather

han hyperchaotic with Lyapunov exponents (0.0462, 0, −0.0042,

1.0214) and a Kaplan-Yorke dimension of 3.0450, and therefore

ystem (13) can give an infinite 4-D lattice of chaotic attractors in

yperspace as shown in Fig. 8 . System (13) also has no equilib-

ia, and therefore all the coexisting attractors are hidden [35–42] .

ystem (13) retains its rotational symmetry about the z -plane and

herefore all the attractors are symmetric. 

Other trigonometric functions can also be introduced for con-

tructing self-reproducing systems such as cosine, tangent, or

otangent functions. For example, if g 1 (x) = 8 sin ( x 8 ) , g 2 (y ) =
 cos ( y 8 ) , g 3 (z) = 8 cos ( z 8 ) , g 4 (u) = 8 sin ( u 8 ) , system (13) has a

haotic solution with Lyapunov exponents (0.0462, 0, −0.0042,

1.0214) and a Kaplan-Yorke dimension of 3.0450. Since there is

 phase difference between the sinusoidal and cosine functions,

hen the initial condition changes, a conditional symmetry can be

ound [27,28] as shown in Fig. 9 . When the initial conditions vary

s ( −16 k π, 4 , 16 k π, 0 ( −50 ≤ k ≤ 50 ) ) , the average of the vari-

bles x and z decreases and increases accordingly, while the av-
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Fig. 8. 4-D Lattice of coexisting chaotic attractors from system (13) (a) x-y plane when the initial conditions are (2 + 16 k 1 π , 4 + 16 k 2 π , 0, 0), (b) z-u plane when the initial 

conditions are (2, 4, 16 k 1 π , 16 k 2 π ) ( k 1 , k 2 ∈ { −1 , 0 , 1 } ). 

Fig. 9. Conditional symmetric coexisting attractors from system (13) when g 2 ( y ) and g 3 ( z ) are cosine functions (a) x-y plane, (b) z-u plane. 

Fig. 10. Offset regulating of system (13) with invariable Lyapunov exponents (a) regulated offset when initial conditions are ( −16 kπ, 4 , 16 kπ, 0 ( −50 ≤ k ≤ 50 ) ) , (b) invari- 

able Lyapunov exponents. 
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rage of y and u varies around zero as shown in Fig. 10 , indicat-

ng that offset boosting of the variable x returns the polarity bal-

nce of the variables y, z, and u , thus producing conditional sym-

etry. Other combinations of sine and cosine nonlinearities can

lso provide a conditional symmetry when the original symmetry

s broken, but a further offset boosting can restore the symmetry.

ote that for a common 4-D dynamical system, it is necessary to

ntroduce a same trigonometric function into different terms for

he offset-periodization of any variable and different trigonometric

unctions may couple to each other, which destroys the dynami-

al behavior. That is why hyperchaos can be obtained from system

6) easier than from system (13) . Moreover, system (11) has differ-

nt regimes of multistability, correspondingly all those coexisting

ttractors can be reproduced by selecting appropriate trigonomet-

ic functions. For example, when a = 6, b = 0.1, system 11 has three

oexisting attractors, i.e. , a torus with a symmetric pair of chaotic

ttractors. Take g 1 ( x ) = x , g 2 ( y ) = y , g 3 ( z ) = z , g 4 ( u ) = 2.5sin(0.4 u) ,

ystem (13) gives an infinite 1-D lattice of 3-type attractors. 
. Conclusion and discussions 

Periodic offset boosting is an effective means for transforming

 normal dynamical system into a self-reproducing system where

nfinitely many attractors can be hatched. By introducing trigono-

etric functions into the variables for periodic offset boosting, an

nfinite 1-D, 2-D, 3-D lattice of hyerchaotic attractors is produced

rom a 4-D hyperchaotic snap system. This method can be gener-

lized to produce higher-dimensional lattices with infinitely many

ttractors. By the generalized method, a hyperchaotic system with

 hidden attractor was transformed for reproducing 1-D, 2-D infi-

ite lattices of hyperchaotic attractors and a 4-D lattice of chaotic

ttractors. The mechanism for hatching infinitely many attractors

elies on offset boosting and periodic nonlinearity, which can also

e applied in rational difference equations [43,44] or discrete maps

45–47] . When the original dynamical system has multiple attrac-

ors, each lattice site can exhibit the same multiple attractors. 
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