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Abstract

In this letter we present a universal nonlinear control law for the synchronization
of arbitrary 3-D continuous-time quadratic systems. This control law does not
require any type of conditions on the considered systems.
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1 Introduction

Several methods have been successfully applied to chaos synchronization. For ex-
ample, in [1] a method is introduced to synchronize two identical chaotic systems
with different initial conditions. An adaptive control approach is presented in
[2], a backstepping design was presented in [3], an active control method is pre-
sented in [4-6], and a nonlinear control scheme was given in [7-9]. Consequently,
there are many applications of chaos synchronization in physical, chemical, and
ecological systems, and in secure communications as shown in [1-2,10-13].

In this letter, we apply nonlinear control theory to synchronize two arbitrary
3-D continuous-time quadratic systems. The proposed control law does not need
any conditions on the considered systems, and hence it is a universal synchro-
nization approach for general 3-D continuous-time quadratic systems. In other
words, the present letter is concerned with synchronization of nonlinear system-
s in the framework of nonlinear observers. The investigation is restricted to a
pair of quadratic three dimensional systems, for which a control feedback can be
chosen in such a way that global asymptotic stability of the error system can
be established in the framework of classical Lyapunov theory. This restriction is
justified by the importance of this type of systems in real applications [14] which
is certainly a useful result.

2 Synchronization using a universal nonlinear control law

In this section, we consider two arbitrary 3-D continuous-time quadratic systems.
The one with variables z1, y1, and z; will be controlled to be the new system
given by
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Ty = ao + a1x1 + asyr + azz1 + fi(x1,y1, 21)
Y = bo + bz + bayr + bsz1 + fa(z1,y1,21) (1)
21 =co+ iz + ey + 3z + f3(x1, Y1, 21)

where

fi(@1,y1,21) = aux? + asyi + a2t + arziyr + asriz1 + agyriz1
fo(z1,91, 21) = baz? + b5y + bez} + braiyr + bsz121 + boyr 21 (2)
fa(@1,y1,21) = cax? + cs5y% + 62} + crriyr + csT121 + Coyrz

and the one with variables x2, y2, and 29 as the response system

= dp + dix2 + day2 + d3z2 + g1(22, Y2, 22) + uq(t)
yz =19 + rixe + r2y2 + r3ze + g2(x2, Y2, 22) + ua(t)
2 = S0 + S1x2 + SaY2 + S322 + g3(22, Y2, 22) + us(t)

where

91(22, Y2, 22) = dax3 + dsy3 + ds23 + drzays + dgrazo + doyazo
92(x2, Y2, 22) = rax3 + r5y3 + 1625 + r7@oy2 + T8T222 + royaza (4)
93(22, Yo, 22) = s4x3 + 55Y3 + S625 + S7T2Y2 + SsT222 + SoY222

Here (a;,b;, ¢i)o<i<o C R3 and (d;, 4, 8;)o<i<o C R3Y are bifurcation parameters,
and wui(t), ua(t), us(t) are the unknown (to be determined) nonlinear controller
such that two systems (1) and (3) can be synchronized.

First, let us define the following quantities depending on the above two systems
in which we can proceed with our proposed method:

§1 = a1 +di + ag(z1 + 22) + da(T1 + 22) + aryr + agzr + dryz + dgzo
& = ag +da + as(y1 + y2) + ds(y1 + y2) + agz1 + dozo
&3 =az +d3 + ag(z1 + 22) + ds (21 + 22) (5)
§a=mn1+m2+n3
§5 = b1+ 711+ ba(x1 + 22) + ra(21 + 22) + bryy + bgz1 + r7y2 + rez

and

&6 = by + 12+ bs(y1 + y2) + r5(y1 + y2) + boz1 + rozo
§r = b3 + 13+ be(z1 + 22)
§8 = M4+ 15 + N6
& = c1+ s1+ a1 + x2) + s4(x1 + 22) + cryr + gz + s7y2 + sgz2 (6)
&0 =c2+ s2+ cs5(y1 + y2) + s5(y1 + y2) + coz1 + S92
£11 = c3+ 53+ ce(21 + 22) + s6(21 + 22)
§12 =n7 + 18+ N9
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where

(1 = da? + drr1ys + dgi2e + dimy — aqTe — azTayl — ATz
M2 = —a1%2 + dsyi + doy122 + doyr — asys — agyaz1 — azyo
N3 = dﬁZ% + d321 — aﬁzg — aszo — ap + d()
N4 = 1423 + 1731Y2 + 87122 + 1121 — bawd — brwoys — bsTaz
N5 = —bixa + T5Y3 + Toy122 + roy1 — bsy3 — boyaz1 — bayo (7)
Ne = T’GZ% + r3z1 — bGZ% — b322 — b() + T0
N7 = SaTF + S7T1Y2 + S8T122 + S1T1 — €475 — C7T2Y1 — C3T221
Ng = —Cc1x2 + S5y% + Soy122 + S2y1 — C5y§ — C9Y221 — C2Y2
= 562% + 8321 — CGZ% — C322 — Cg + Sp

The above quantities comes from the formulation of the problem as the system in
(8) below. Now let the error states be ey = 9 —x1,€2 = ys —y1, and e3 = 29 — z1.
Then the error system is given by

el =&e1 + &oen + E3e3 + &a +ui(t)
ey = &se1 + e + Eres + &g + ua(t) (8)
e = &oer + oz + Eries + 12 + us(t)

We propose the following universal control law for the system (3):

up = —(& +1)er — (&2 +&5)e2 — &
upy = — (& + 1)ea — (§7 4+ &10)ez — &g 9)
ug = —(&3+&o)er — (11 + L)eg — &2

Then the two 3-D continuous-time quadratic systems (1) and (3) approach syn-
chronization for any initial condition. Indeed, the error system (8) becomes

e1 = —e1 — &sea + Eze3
ey = &se1 — ea — E10€3 (10)
e = —&ze1 + &oe — e3
. . . e2+e2+e2 e .
and if we consider the Lyapunov function V' = =22 | then it is easy to

verify the asymptotic stability of the error system (10) by Lyapunov stability
theory since we have 4 = —e? — e — €3 < 0 for all (a;,b;,¢;)0<i<o C R,
(di,riy si)o<i<o C R3Y and for all initial conditions. In particular, if the two sys-
tems (1) and (3) are chaotic, then the control law (9) guaranties also their syn-
chronization for any initial condition. A practical example of this situation can be
found in [8]. On the other hand, any 3-D continuoustime quadratic chaotic system
can be stabilized (controlled) to a stable 3-D continuous-time quadratic system
that converges to an equilibrium point (to a 3-D continuous-time quadratic sys-
tem that converges to a periodic solution). Furthermore, any 3-D continuous-time

quadratic system can be chaotified to a chaotic 3-D continuous-time quadratic
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system.

3 Example

The most known example of 3-D quadratic systems, is the original Lorenz system
given by:

T = a171 — a1y
yp = b1z —y1 — 1121 (11)
71 = —c321 + 111
To apply the above method, we consider the one with variables x2, y2, and z2 as
the response system

zh = dizo — diy2
Yh = rixy — Y2 — T2z2 + us(t) (12)
zh = —s3za + x1y2 + us(t)

Thus, the universal control law for the system (12) is given by:

ur(t) = —(& +1er — (&2 +&5)ea — &
ug(t) = ez — &3 (13)
u3(t) = —&ger — (§11 + 1)ez — 12

where

&1 =a1+di, & =—a1 —di, & = dizy — a1z — diyr + a1y
&= —21 — 22,86 = —2,§8 = —x122 + 2172 — Y1 + U2 (14)
o =y1 +y2,§11 = —c3 — 83,§12 = T1Y2 — Tay1 — S321 + 322

In particular, if the two systems (11) and (12) are chaotic, then the control law
(13) guaranties their synchronization for any initial condition.

4 Conclusion

We have presented a universal nonlinear control law (without any conditions) for
the synchronization of arbitrary 3-D continuous-time quadratic systems. This
universal law (9) can be considered either as a stabilization, or a control, or as a
chaotification approach for the system under consideration.
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