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Abstract
In this letter, we find upper and lower bounds for the Lorenz—
Stenflo system. In particular, we find large regions in the bifurcation
parameter space where this system is bounded.
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1 Introduction

Bounded chaotic attractors and the estimate of their bounds is important
in chaos control, chaos synchronization, and their applications [Chen, 1999].
Such an estimation is quite difficult to achieve technically, however. Several
works on this topic were realized for some 3-D quadratic continuous-time
systems [Leonov et al., 1987; Pogromsky et al., 2003; Li et al., 2005; Zeraoulia
& Sprott, 2010; and references therein]. In this letter, we find upper and lower
bounds for the Lorenz—Stenflo system [Stenflo, 1996] given by
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These bounds are obtained based on multivariable function analysis con-
cerned with locating maxima and minima. In particular, we find large re-
gions in the bifurcation parameter space (o,r,b,s) € R* where system (1)
is bounded. The Lorenz—Stenflo system (1) describes finite-amplitude, low-
frequency, short-wavelength, acoustic gravity waves in a rotational system
[Stenflo, 1996]. Several results about the dynamics of system (1) have been
reported in [Yu & Yang, 1996; Yu et al., 1996; Zhou et al., 1997; Yu, 1999;
Banerjee et al., 2001]. In a recent paper [Xavier & Rech, 2010], the precise
locations for pitchfork and Hopf bifurcations of fixed points were determined
along with a numerical characterization of periodic and chaotic attractors.

2 Estimating the bounds for the Lorenz—Stenflo
system

To estimate the bound for the Lorenz—Stenflo system (1), we consider the
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Lyapunov function V' (z,y, z, w) defined by V' (z, y, z,w) = 5 .
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The derivative of V' along the solutions of (1) is given by % = —%x° —
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sume that it is bounded, and then we find its bound, i.e., assume that o, s, and

b are strictly positive and r > 0. Then if system (1) is bounded, the function

Y (z,y, z,w) has a maximum value, and the maximum point (z, Yo, 20, Wo)

satisfies H (xq, Yo, 20, wo) = 0. Now consider the 4-D ellipsoid defined by
I'={(x,y,z,w) € R*: H (z,y,2,w) =0,0 >0,s>0,b> 0,7 >0}, and de-
fine the function F' (z,y, z,w) = G (z,y, z,w)+AH (x,y, z,w), where G (x,y, z,w) =
22 +y?+ 22 +w? and X € R is a finite parameter. We have max(zy . wyer G =
2(br232+2brso+4)\so+b02) OF 2(br2s2+2b7‘scr+4)\sz+bo’2)
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w. In this case, the Hessian matrix of the function F' is diagonal with the ele-
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if all eigenvalues of the corresponding Hessian matrix are strictly negative,

and . Thus the scalar function F' has a maximum point



that is, A < min <_b(0+rs)2, _b(JMS)Qa _(0+§S) ) —Hotro) ) Ifs>1,0<0<s,
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and 0 < o < bs, we have _b(z;m) - <_b(iys) = _b(8_22(2+m) < 0,
—b(o+7s)? —(o+7s)2\ _ —(o+rs)}(—o+bs) —b(o+rs)? —b(o+rs)?\

4s0 - < 452 - 4520 < O and 4s0 - 4520 -
w < 0. Thus A < =X Z+m . Then the only critical point of F is
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ily (in A) of bounds of system (1). We remark that for different values of
A, one can get different estimates for system (1). Some calculations lead to

fr(\) = (r282i‘;:s’:ffjj;\+az)3. We have r?s2+2rso+4As*+0? < 0 for all —oo <

= f(N). In this case, there exists a parameterized fam-

A< %ﬁrﬁ, and hence f’ () > 0, which means that f (\) is an increasing
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function, that is, limy_,_ (02+482/\+T282+2mg> =Q° =g <fN)<

1b2% = R2. Finally, we have max, , . wer (22 + y2 + 22 + w?) <

R? which is the upper bound for the Lorenz—Stenflo system (1). For the other
values of (o,7,b,s) € R, the same logic applies.
Finally, we have proved the following result:

Theorem 1 The Lorenz—Stenflo system (1) is contained in part of the 4-D
S 4 9 %w2+y2+(z—(r+%))2+w2 9
ellipsoid defined by Q = < (z,y,z,w) € R* : Q* < 5 <R
forallr >0,b>0,s>1,0< 0 <s,0 < bs, and all initial conditions, where
(27‘32—1—205
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We remark that if ¢ — bs, then the upper bound converges to infin-
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ity. The volume of the resulting set in R* is 1b2 (0”8)) — <(2 +205) ) =

_;,_bs 1654
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prCTome b 0 since bs > o.

3 Conclusion

Using multivariable function analysis, we find upper and lower bounds for the
Lorenz—Stenflo system. In particular, we find large regions in the bifurcation
parameter space where this system is bounded.
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